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Abstract-It is established that he time integrated system response to a unit pulse is numerically equal to the 
equilibrium state under a continuous unit input. Extensions to nonlinear systems are discussed. 
INTRODUCTION 
Assessment of the impact on human health of environmentally released radionuclides has 
become a matter of considerable interest in recent years. Care must be taken to ensure that 
human generated additions to naturally occurring radionuclides will not endanger the health of 
present and future generations. Determination of a system’s decay rate (typically a combination 
of the effects of radioactive decay and natural elimination from the system) is a necessary step 
in analyzing the environmental impact of a radionuclide. An equivalent problem is that of 
determining the equilibrium state of the system under constant exposure. Unfortunately, the 
equilibrium state of the system is usually unknown. What is typically known, or obtainable by 
experimentation, is the response of the system to an exposure of short duration. A principle, 
which we term the Equivalence Principle, is frequently employed in the field of technology 
assessment to circumvent his problem. The principle states that “the time integrated system 
response to a unit pulse is numerically equal to the equilibrium state under a continuous unit 
input”. This principle has been applied by Logan and Berbano[l] to assess risk associated with 
radioactive waste management and by Ng et al.[2] to determine transfer parameters in the 
forage-cow-milk pathway. The principle is also applicable to many nonnuclear situations. The 
purpose of this note is to clarify the mathematical validity of the equivalence principle. 
Consider a system whose dynamics are governed by the differential equation 
x’(t) = -Ax(t) + g(t), x(0) = 0. (1) 
For simplicity we assume that g(t) represents anormalized input of short duration. That is, g(t) 
is nonnegative, vanishes outside of some finite interval, and satisfies Jcg(s) ds = 1. Frequently 
in application g(t) is taken to be the Dirac delta function 8(t). A hypothetical response of 
system (1) to a normalized exposure of short duration is shown in Fig. 1. When the system 
receives a continuous unit input, eqn (1) becomes 
x’(t) = -Ax(t) + 1, x(0) = 0. (2) 
In this case, the system will eventually reach an equilibrium state E shown in Fig. 2. The 
equivalence principle states, in essence, that the area under the curve in Fig. 1 is equal to the 
equilibrium value E. To establish this fact, notice that the state of system (1) at time t 2 0 is 
given by 
I 
* I 
x(t) = e-A(‘-S)g(s) ds = e-At e’“g(s) ds. 
0 
(3) 
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Fig. 1. Hypothetical response of a system to a normalized exposure of short duration. 
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Fig. 2. Response of a system to a constant unit exposure. 
[If g(t) = 6(t), then x(t) = e-*‘I. Since g(t) = 0 for large t, the exponential 
that lim x(t) = 0. Setting 
1+= 
x(t) = 
I 
I 
x’(s) ds = 
0 I 
uf [-Ax(s) + g(s)] ds, 
and taking the limit as t +a3 yields 
A =Ijg(s)ds/&x(s)ds= l/l%)ds. 
decay term assures 
(4) 
(5) 
Hence, knowledge of the system response to an input of short duration identifies the system 
decay rate. The decay rate is also related to the steady-state equilibrium E. The state of system 
(2) is given by 
x(t) = I ’ e-*(f-s) ds = ;[l _ e-*f], (6) 0 
yielding that E = l/h. Thus E = Jo” x(s) ds, establishing the equivalence principle. 
The question arises as to whether the equivalence principle applies to nonlinear systems. 
Consider the system 
x’(t) = -f[x(Ol + g(t), x(0) = 0, (7) 
where f[x(t)] is the rate of output of the system, and f : [0, m) + R is nonnegative, strictly 
increasing and f(0) = 0. Conservation of matter requires the cumulative output to equal the 
cumulative input. We are, therefore, justified in integrating the output from zero to infinity and 
setting the integral equal to the total input, i.e. 
1 f h(s)1 ds = c g(s) ds. (8) 
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Now let E denote the equilibrium of the system under a continuous constant dose rate 
M = Jcg(s) ds. Since in steady state, the input and output flux are equal as a matter of 
definition, 
I m g(s) ds = f(E). 0 
(9) 
combining (8) and (9), we obtain 
f(E) = [ fW)l ds, (10) 
or 
E=f-’ { [f[X(dI ds). (11) 
This is the form of the equivalence principle for a general nonlinear system. If f(x) = Axp, p > 0, 
then system (7) becomes 
x’(t) = -W(t) + g(t), x(0) = 0. (12) 
This nonlinear system has been proposed by Jeng and Yevdjevich[3] as a model for the storage 
of water in a natural ake. Empirical determination of the exponent p yields a value between 
0.25 and 4.0, depending on the lake. It follows from eqn (11) that the equilibrium E of system 
(12) is given by E=[JCxP(s)d~] . ‘lp For p 2 1, the equivalence principle for the nonlinear 
system (12) can thus be stated as “the Lp(O, M) norm of the system response to a normalized 
input is equal to the equilibrium of the system under a continuous unit input”. 
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